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Abstract

Development of active safety systems of automobiles is nowadays based not only on road tests, 
but also on computer simulation of vehicle's curvilinear motion. To properly perform simulation, all 
required model parameters have to be properly estimated. The less complicated model is, the less 
parameters it requires. So that, it makes no sense to apply too complicated models, if we are not able 
to estimate parameters with relatively low error. One of the most popular is two- degree-of-freedom 
flat model to describe curvilinear motion of automobile. It is widely used in design and improvement 
of active safety systems. 

The article discusses the application of simple two- degree-of-freedom flat model of automobile, 
which requires only several parameters. These parameters are: mass of a vehicle, location of 
center of gravity of a vehicle, yaw mass moment of inertia of a vehicle, side-slip characteristics. 
Furthermore, to be able to compare simulation and measurement results, it is necessary to know 
some input signals such as steering wheel angle and velocity of a vehicle, recorded during road 
tests. In this article signal of steering wheel angle was taken from Controller Area Network (CAN) bus.

In case of model of a vehicle, the Authors decided to compare the results of simulation using two 
different side slip characteristics known as the dependence between lateral reaction force and side 
slip angle: linear characteristic (constant cornering stiffness) and the characteristic represented by 
Pacejka’s Magic Formula in steady-state version.

Keywords: vehicles; safety; traffic accidents reconstruction; road tests; Magic Formula 

1. Introduction

Vehicle's motion modelling is one of the most popular methods of investigating automo-
biles, including development of their active safety systems. There is, of course, comput-
er software (for example ADAMS,) that is able to simulate vehicle motion. There are also 
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specialized computer tools for traffic incidents' reconstruction like PC-Crash or Cyborg Idea 
V-sim. Very often they use in-built models of a vehicle, models or characteristics of tyres, 
which cannot be modified. Usually only models' coefficients can be changed. 

Another, perhaps better, approach to vehicle motion modelling is to prepare a model 
of a vehicle from the basics, for particular aim of conducted research. It allows to define 
the quantity of degrees of freedom adequately for the needs of a research. It is important, 
because if we have limited number of parameters of a model, often better solution will be 
the choice of less complicated model, including model of a tyre, for which we are able to 
estimate certain parameters with acceptable level of error. One of tyres' models can be 
found in [10], where interaction between pavement and heavy vehicle's tyres takes place, 
including unevenness of the road. In paper [4] there was shown the application of tyre's 
model in a form of flexible ring, together with experiments with the use of special test rig 
for tyres. Next article [15] shows the application of Kelvin-Voigt model in the description 
of tyre's deformation by applying axial stiffness and damping stiffness. Work [3] shows 
the example of applying finite element analysis including hyper-elastic rubber properties. 
Vertical, longitudinal and lateral tyre's stiffness validation tests were performed in [3]. 
Next paper [18] discusses the tyre's three-dimensional ring model. In work [17] there are 
compared two physical models of tyres, which are available on the market, together with 
experimental validation on special test rig. In article [16] there is presented a method of 
tyres' modelling including low and high tyre-to-road adhesion coefficient, together with 
the application in vehicle's motion model. 

Another not less important issue is proper description of side slip phenomenon. It can be 
achieved through side slip characteristics or by more complicated models of tyres. In pa-
per [2] there are presented side slip angles observers, together with two-track flat model 
of automobile as extended version of very popular the so-called "bicycle model". However, 
application of signals, which help obtain side slip angles, but are not directly connected 
with wheels, requires proper filtration, for example Kalman's filtering. Next article [9] shows 
the method of obtaining side slip angles through image processing. Work [5] contains 
vehicle's side slip estimation using information from CAN-C, again applying Kalman's filtra-
tion procedure. In [8] single track "bicycle" model is used together with exponential equa-
tion describing dependence between transverse reaction pavement-to-tyre force and 
side slip angle. Example of a model of a vehicle with many degrees of freedom and many 
parameters describing its systems is truck model presented by Lozia [11]. Interaction in-
side the system driver-vehicle-road environment is shown by [14]. Simulation of vehicle's 
motion becomes more complex, if we discuss both lateral and radial vibrations, which is 
discussed in [18]. Discussing tyre models, there can be found many approaches to tyres' 
modelling. One of them is Pacejka's semi empirical model with well-known Magic Formula 
[13]. As presented in [1], this model is very popular in the development of active safety sys-
tems. Another issue is the application of the models available on the market in multibody-
simulation as presented in [17]. These models presented in [17] are applied, as they used to 
be optimal for driving comfort and vertical vibrations analysis. Another the so-called brush 
model was presented mentioned by [1], as proper for vehicle dynamics and driving stabil-
ity. Another approach to tyres' modelling is the application of finite element method (FEM) 
as depicted in [12].
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2. Presentation of model applied for the research

Model applied in this work simplified version of the model shown in Figure 1. It means that 
vehicle's longitudinal velocity was assumed as constant and vehicle's body roll and pitch 
motion were skipped.

  

Fig. 1. Scheme of a vehicle's model

In Table 1 there are presented data applied for investigation of the vehicle Hyundai Veloster. 
Steering system ratio depicted in Table 1 was assumed as average for the whole range of 
steering wheel angle. Ackermann's dependence was skipped in this article. Both suspen-
sion and tyre vertical stiffnesses were not included.

Tab. 1. Basic parameters applied during simulation

Vehicle's mass m [kg] 1419

Wheelbase l12 [m] 2.650

Distance between front axle and vehicle's center of mass l1 [m] 1.089

Vehicle's yaw mass moment of inertia IZ [kgm2] 2100

Average wheel track t [m] 1.560

Average steering system ratio ik [-] 15.1

Tyre-to-road adhesion coefficient μ [-] 0.90
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Equations of vehicle's motion are presented below.
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Equations of vehicle's motion are presented below. 

𝐹𝐹𝐹𝐹𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 = 𝑋𝑋𝑋𝑋1𝑅𝑅𝑅𝑅 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝛿𝛿1𝑅𝑅𝑅𝑅 + 𝑋𝑋𝑋𝑋2𝑅𝑅𝑅𝑅 + 𝑋𝑋𝑋𝑋1𝐿𝐿𝐿𝐿 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝛿𝛿1𝐿𝐿𝐿𝐿 + 𝑋𝑋𝑋𝑋2𝐿𝐿𝐿𝐿 − 𝑌𝑌𝑌𝑌1𝑅𝑅𝑅𝑅 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝛿𝛿1𝑅𝑅𝑅𝑅 − 𝑌𝑌𝑌𝑌1𝐿𝐿𝐿𝐿 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝛿𝛿1𝐿𝐿𝐿𝐿 − 𝐹𝐹𝐹𝐹𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜 (1) 

𝑚𝑚𝑚𝑚 ∙ �̈�𝑥𝑥𝑥 = 𝑋𝑋𝑋𝑋1𝑅𝑅𝑅𝑅 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝛿𝛿1𝑅𝑅𝑅𝑅 + 𝑋𝑋𝑋𝑋2𝑅𝑅𝑅𝑅 + 𝑋𝑋𝑋𝑋1𝐿𝐿𝐿𝐿 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝛿𝛿1𝐿𝐿𝐿𝐿 + 𝑋𝑋𝑋𝑋2𝐿𝐿𝐿𝐿 − 𝑌𝑌𝑌𝑌1𝑅𝑅𝑅𝑅 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝛿𝛿1𝑅𝑅𝑅𝑅 − 𝑌𝑌𝑌𝑌1𝐿𝐿𝐿𝐿 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝛿𝛿1𝐿𝐿𝐿𝐿 − 𝐹𝐹𝐹𝐹𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜 (2) 

𝐹𝐹𝐹𝐹𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 = 𝑋𝑋𝑋𝑋1𝑅𝑅𝑅𝑅 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝛿𝛿1𝑅𝑅𝑅𝑅 + 𝑋𝑋𝑋𝑋1𝐿𝐿𝐿𝐿 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝛿𝛿1𝐿𝐿𝐿𝐿 + 𝑌𝑌𝑌𝑌1𝑅𝑅𝑅𝑅 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝛿𝛿1𝑅𝑅𝑅𝑅 + 𝑌𝑌𝑌𝑌1𝐿𝐿𝐿𝐿 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝛿𝛿1𝐿𝐿𝐿𝐿 + 𝑌𝑌𝑌𝑌2𝑅𝑅𝑅𝑅 + 𝑌𝑌𝑌𝑌2𝐿𝐿𝐿𝐿 (3) 

𝑚𝑚𝑚𝑚 ∙ �̇�𝑥𝑥𝑥 ∙ �̇�𝜓𝜓𝜓 + 𝑚𝑚𝑚𝑚 ∙ �̈�𝑦𝑦𝑦 = 𝑋𝑋𝑋𝑋1𝑅𝑅𝑅𝑅 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝛿𝛿1𝑅𝑅𝑅𝑅 + 𝑋𝑋𝑋𝑋1𝐿𝐿𝐿𝐿 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝛿𝛿1𝐿𝐿𝐿𝐿 + 𝑌𝑌𝑌𝑌1𝑅𝑅𝑅𝑅 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝛿𝛿1𝑅𝑅𝑅𝑅 + 𝑌𝑌𝑌𝑌1𝐿𝐿𝐿𝐿 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝛿𝛿1𝐿𝐿𝐿𝐿 + 𝑌𝑌𝑌𝑌2𝑅𝑅𝑅𝑅 + 𝑌𝑌𝑌𝑌2𝐿𝐿𝐿𝐿 (4) 

𝑄𝑄𝑄𝑄 = 𝑍𝑍𝑍𝑍1𝑅𝑅𝑅𝑅 + 𝑍𝑍𝑍𝑍1𝐿𝐿𝐿𝐿 + 𝑍𝑍𝑍𝑍2𝑅𝑅𝑅𝑅 + 𝑍𝑍𝑍𝑍2𝐿𝐿𝐿𝐿 (5) 

𝑀𝑀𝑀𝑀𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 = (𝑋𝑋𝑋𝑋1𝑅𝑅𝑅𝑅 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝛿𝛿1𝑅𝑅𝑅𝑅 + 𝑌𝑌𝑌𝑌1𝑅𝑅𝑅𝑅 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝛿𝛿1𝑅𝑅𝑅𝑅+𝑋𝑋𝑋𝑋1𝐿𝐿𝐿𝐿 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝛿𝛿1𝐿𝐿𝐿𝐿 + 𝑌𝑌𝑌𝑌1𝐿𝐿𝐿𝐿 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝛿𝛿1𝐿𝐿𝐿𝐿 + 𝑌𝑌𝑌𝑌2𝑅𝑅𝑅𝑅 + 𝑌𝑌𝑌𝑌2𝐿𝐿𝐿𝐿) ∙ ℎ𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 + 𝑍𝑍𝑍𝑍1𝐿𝐿𝐿𝐿 ∙
𝑡𝑡𝑡𝑡
2
− 𝑍𝑍𝑍𝑍1𝑅𝑅𝑅𝑅 ∙

𝑡𝑡𝑡𝑡
2

+ 𝑍𝑍𝑍𝑍2𝐿𝐿𝐿𝐿 ∙
𝑡𝑡𝑡𝑡
2
− 𝑍𝑍𝑍𝑍2𝑅𝑅𝑅𝑅 ∙

𝑡𝑡𝑡𝑡
2
 (6) 

𝐹𝐹𝐹𝐹𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 ∙ (ℎ𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 − ℎ𝑂𝑂𝑂𝑂) =
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𝑡𝑡𝑡𝑡
2
− 𝑍𝑍𝑍𝑍1𝑅𝑅𝑅𝑅 ∙

𝑡𝑡𝑡𝑡
2

+ 𝑍𝑍𝑍𝑍2𝐿𝐿𝐿𝐿

∙
𝑡𝑡𝑡𝑡
2
− 𝑍𝑍𝑍𝑍2𝑅𝑅𝑅𝑅 ∙

𝑡𝑡𝑡𝑡
2

 

 (9) 

 
𝑀𝑀𝑀𝑀𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 = (−𝑋𝑋𝑋𝑋1𝑅𝑅𝑅𝑅 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝛿𝛿1𝑅𝑅𝑅𝑅 + 𝑌𝑌𝑌𝑌1𝑅𝑅𝑅𝑅 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝛿𝛿1𝑅𝑅𝑅𝑅−𝑋𝑋𝑋𝑋1𝐿𝐿𝐿𝐿 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝛿𝛿1𝐿𝐿𝐿𝐿 + 𝑌𝑌𝑌𝑌1𝐿𝐿𝐿𝐿 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝛿𝛿1𝐿𝐿𝐿𝐿 − 𝑋𝑋𝑋𝑋2𝑅𝑅𝑅𝑅 − 𝑋𝑋𝑋𝑋2𝐿𝐿𝐿𝐿) ∙ ℎ𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 − 𝑍𝑍𝑍𝑍1𝐿𝐿𝐿𝐿

∙ 𝑙𝑙𝑙𝑙1 − 𝑍𝑍𝑍𝑍1𝑅𝑅𝑅𝑅 ∙ 𝑙𝑙𝑙𝑙1 + 𝑍𝑍𝑍𝑍2𝐿𝐿𝐿𝐿 ∙ 𝑙𝑙𝑙𝑙2 − 𝑍𝑍𝑍𝑍2𝑅𝑅𝑅𝑅 ∙ 𝑙𝑙𝑙𝑙2 
 (10) 

 
(𝐹𝐹𝐹𝐹𝐵𝐵𝐵𝐵𝑋𝑋𝑋𝑋 + 𝐹𝐹𝐹𝐹𝑂𝑂𝑂𝑂𝑅𝑅𝑅𝑅) ∙ (ℎ𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 − ℎ𝑂𝑂𝑂𝑂) =

= (−𝑋𝑋𝑋𝑋1𝑅𝑅𝑅𝑅 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝛿𝛿1𝑅𝑅𝑅𝑅 + 𝑌𝑌𝑌𝑌1𝑅𝑅𝑅𝑅 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝛿𝛿1𝑅𝑅𝑅𝑅−𝑋𝑋𝑋𝑋1𝐿𝐿𝐿𝐿 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝛿𝛿1𝐿𝐿𝐿𝐿 + 𝑌𝑌𝑌𝑌1𝐿𝐿𝐿𝐿 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝛿𝛿1𝐿𝐿𝐿𝐿 − 𝑋𝑋𝑋𝑋2𝑅𝑅𝑅𝑅 − 𝑋𝑋𝑋𝑋2𝐿𝐿𝐿𝐿) ∙ ℎ𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 − 𝑍𝑍𝑍𝑍1𝐿𝐿𝐿𝐿 ∙ 𝑙𝑙𝑙𝑙1
− 𝑍𝑍𝑍𝑍1𝑅𝑅𝑅𝑅 ∙ 𝑙𝑙𝑙𝑙1 + 𝑍𝑍𝑍𝑍2𝐿𝐿𝐿𝐿 ∙ 𝑙𝑙𝑙𝑙2 − 𝑍𝑍𝑍𝑍2𝑅𝑅𝑅𝑅 ∙ 𝑙𝑙𝑙𝑙2 

 (11) 

 
𝐼𝐼𝐼𝐼𝑌𝑌𝑌𝑌 ∙ �̈�𝜃𝜃𝜃 = (−𝑋𝑋𝑋𝑋1𝑅𝑅𝑅𝑅 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝛿𝛿1𝑅𝑅𝑅𝑅 + 𝑌𝑌𝑌𝑌1𝑅𝑅𝑅𝑅 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝛿𝛿1𝑅𝑅𝑅𝑅−𝑋𝑋𝑋𝑋1𝐿𝐿𝐿𝐿 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝛿𝛿1𝐿𝐿𝐿𝐿 + 𝑌𝑌𝑌𝑌1𝐿𝐿𝐿𝐿 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝛿𝛿1𝐿𝐿𝐿𝐿 − 𝑋𝑋𝑋𝑋2𝑅𝑅𝑅𝑅 − 𝑋𝑋𝑋𝑋2𝐿𝐿𝐿𝐿) ∙ ℎ𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 − 𝑍𝑍𝑍𝑍1𝐿𝐿𝐿𝐿 ∙ 𝑙𝑙𝑙𝑙1 − 𝑍𝑍𝑍𝑍1𝑅𝑅𝑅𝑅 ∙ 𝑙𝑙𝑙𝑙1

+ 𝑍𝑍𝑍𝑍2𝐿𝐿𝐿𝐿 ∙ 𝑙𝑙𝑙𝑙2 − 𝑍𝑍𝑍𝑍2𝑅𝑅𝑅𝑅 ∙ 𝑙𝑙𝑙𝑙2 

 (12) 

 

or
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Equations of vehicle's motion are presented below. 

𝐹𝐹𝐹𝐹𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 = 𝑋𝑋𝑋𝑋1𝑅𝑅𝑅𝑅 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝛿𝛿1𝑅𝑅𝑅𝑅 + 𝑋𝑋𝑋𝑋2𝑅𝑅𝑅𝑅 + 𝑋𝑋𝑋𝑋1𝐿𝐿𝐿𝐿 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝛿𝛿1𝐿𝐿𝐿𝐿 + 𝑋𝑋𝑋𝑋2𝐿𝐿𝐿𝐿 − 𝑌𝑌𝑌𝑌1𝑅𝑅𝑅𝑅 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝛿𝛿1𝑅𝑅𝑅𝑅 − 𝑌𝑌𝑌𝑌1𝐿𝐿𝐿𝐿 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝛿𝛿1𝐿𝐿𝐿𝐿 − 𝐹𝐹𝐹𝐹𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜 (1) 

𝑚𝑚𝑚𝑚 ∙ �̈�𝑥𝑥𝑥 = 𝑋𝑋𝑋𝑋1𝑅𝑅𝑅𝑅 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝛿𝛿1𝑅𝑅𝑅𝑅 + 𝑋𝑋𝑋𝑋2𝑅𝑅𝑅𝑅 + 𝑋𝑋𝑋𝑋1𝐿𝐿𝐿𝐿 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝛿𝛿1𝐿𝐿𝐿𝐿 + 𝑋𝑋𝑋𝑋2𝐿𝐿𝐿𝐿 − 𝑌𝑌𝑌𝑌1𝑅𝑅𝑅𝑅 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝛿𝛿1𝑅𝑅𝑅𝑅 − 𝑌𝑌𝑌𝑌1𝐿𝐿𝐿𝐿 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝛿𝛿1𝐿𝐿𝐿𝐿 − 𝐹𝐹𝐹𝐹𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜 (2) 

𝐹𝐹𝐹𝐹𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 = 𝑋𝑋𝑋𝑋1𝑅𝑅𝑅𝑅 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝛿𝛿1𝑅𝑅𝑅𝑅 + 𝑋𝑋𝑋𝑋1𝐿𝐿𝐿𝐿 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝛿𝛿1𝐿𝐿𝐿𝐿 + 𝑌𝑌𝑌𝑌1𝑅𝑅𝑅𝑅 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝛿𝛿1𝑅𝑅𝑅𝑅 + 𝑌𝑌𝑌𝑌1𝐿𝐿𝐿𝐿 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝛿𝛿1𝐿𝐿𝐿𝐿 + 𝑌𝑌𝑌𝑌2𝑅𝑅𝑅𝑅 + 𝑌𝑌𝑌𝑌2𝐿𝐿𝐿𝐿 (3) 

𝑚𝑚𝑚𝑚 ∙ �̇�𝑥𝑥𝑥 ∙ �̇�𝜓𝜓𝜓 + 𝑚𝑚𝑚𝑚 ∙ �̈�𝑦𝑦𝑦 = 𝑋𝑋𝑋𝑋1𝑅𝑅𝑅𝑅 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝛿𝛿1𝑅𝑅𝑅𝑅 + 𝑋𝑋𝑋𝑋1𝐿𝐿𝐿𝐿 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝛿𝛿1𝐿𝐿𝐿𝐿 + 𝑌𝑌𝑌𝑌1𝑅𝑅𝑅𝑅 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝛿𝛿1𝑅𝑅𝑅𝑅 + 𝑌𝑌𝑌𝑌1𝐿𝐿𝐿𝐿 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝛿𝛿1𝐿𝐿𝐿𝐿 + 𝑌𝑌𝑌𝑌2𝑅𝑅𝑅𝑅 + 𝑌𝑌𝑌𝑌2𝐿𝐿𝐿𝐿 (4) 

𝑄𝑄𝑄𝑄 = 𝑍𝑍𝑍𝑍1𝑅𝑅𝑅𝑅 + 𝑍𝑍𝑍𝑍1𝐿𝐿𝐿𝐿 + 𝑍𝑍𝑍𝑍2𝑅𝑅𝑅𝑅 + 𝑍𝑍𝑍𝑍2𝐿𝐿𝐿𝐿 (5) 

𝑀𝑀𝑀𝑀𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 = (𝑋𝑋𝑋𝑋1𝑅𝑅𝑅𝑅 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝛿𝛿1𝑅𝑅𝑅𝑅 + 𝑌𝑌𝑌𝑌1𝑅𝑅𝑅𝑅 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝛿𝛿1𝑅𝑅𝑅𝑅+𝑋𝑋𝑋𝑋1𝐿𝐿𝐿𝐿 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝛿𝛿1𝐿𝐿𝐿𝐿 + 𝑌𝑌𝑌𝑌1𝐿𝐿𝐿𝐿 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝛿𝛿1𝐿𝐿𝐿𝐿 + 𝑌𝑌𝑌𝑌2𝑅𝑅𝑅𝑅 + 𝑌𝑌𝑌𝑌2𝐿𝐿𝐿𝐿) ∙ ℎ𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 + 𝑍𝑍𝑍𝑍1𝐿𝐿𝐿𝐿 ∙
𝑡𝑡𝑡𝑡
2
− 𝑍𝑍𝑍𝑍1𝑅𝑅𝑅𝑅 ∙

𝑡𝑡𝑡𝑡
2

+ 𝑍𝑍𝑍𝑍2𝐿𝐿𝐿𝐿 ∙
𝑡𝑡𝑡𝑡
2
− 𝑍𝑍𝑍𝑍2𝑅𝑅𝑅𝑅 ∙

𝑡𝑡𝑡𝑡
2
 (6) 

𝐹𝐹𝐹𝐹𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 ∙ (ℎ𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 − ℎ𝑂𝑂𝑂𝑂) =
= (𝑋𝑋𝑋𝑋1𝑅𝑅𝑅𝑅 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝛿𝛿1𝑅𝑅𝑅𝑅 + 𝑌𝑌𝑌𝑌1𝑅𝑅𝑅𝑅 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝛿𝛿1𝑅𝑅𝑅𝑅+𝑋𝑋𝑋𝑋1𝐿𝐿𝐿𝐿 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝛿𝛿1𝐿𝐿𝐿𝐿 + 𝑌𝑌𝑌𝑌1𝐿𝐿𝐿𝐿 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝛿𝛿1𝐿𝐿𝐿𝐿 + 𝑌𝑌𝑌𝑌2𝑅𝑅𝑅𝑅 + 𝑌𝑌𝑌𝑌2𝐿𝐿𝐿𝐿)

∙ ℎ𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 + 𝑍𝑍𝑍𝑍1𝐿𝐿𝐿𝐿 ∙
𝑡𝑡𝑡𝑡
2
− 𝑍𝑍𝑍𝑍1𝑅𝑅𝑅𝑅 ∙

𝑡𝑡𝑡𝑡
2

+ 𝑍𝑍𝑍𝑍2𝐿𝐿𝐿𝐿 ∙
𝑡𝑡𝑡𝑡
2
− 𝑍𝑍𝑍𝑍2𝑅𝑅𝑅𝑅 ∙

𝑡𝑡𝑡𝑡
2

 

 (7) 

�𝑚𝑚𝑚𝑚 ∙ �̇�𝑥𝑥𝑥 ∙ �̇�𝜓𝜓𝜓 + 𝑚𝑚𝑚𝑚 ∙ �̈�𝑦𝑦𝑦� ∙ (ℎ𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 − ℎ𝑂𝑂𝑂𝑂) = (𝑋𝑋𝑋𝑋1𝑅𝑅𝑅𝑅 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝛿𝛿1𝑅𝑅𝑅𝑅 + 𝑌𝑌𝑌𝑌1𝑅𝑅𝑅𝑅 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝛿𝛿1𝑅𝑅𝑅𝑅+𝑋𝑋𝑋𝑋1𝐿𝐿𝐿𝐿 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝛿𝛿1𝐿𝐿𝐿𝐿 + 𝑌𝑌𝑌𝑌1𝐿𝐿𝐿𝐿 ∙
𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝛿𝛿1𝐿𝐿𝐿𝐿 + 𝑌𝑌𝑌𝑌2𝑅𝑅𝑅𝑅 + 𝑌𝑌𝑌𝑌2𝐿𝐿𝐿𝐿) ∙ ℎ𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 + 𝑍𝑍𝑍𝑍1𝐿𝐿𝐿𝐿 ∙

𝑡𝑡𝑡𝑡
2
− 𝑍𝑍𝑍𝑍1𝑅𝑅𝑅𝑅 ∙

𝑡𝑡𝑡𝑡
2

+ 𝑍𝑍𝑍𝑍2𝐿𝐿𝐿𝐿 ∙
𝑡𝑡𝑡𝑡
2
− 𝑍𝑍𝑍𝑍2𝑅𝑅𝑅𝑅 ∙

𝑡𝑡𝑡𝑡
2
 (8) 

 
or 
 

𝐼𝐼𝐼𝐼𝑋𝑋𝑋𝑋 ∙ �̈�𝜑𝜑𝜑 = (𝑋𝑋𝑋𝑋1𝑅𝑅𝑅𝑅 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝛿𝛿1𝑅𝑅𝑅𝑅 + 𝑌𝑌𝑌𝑌1𝑅𝑅𝑅𝑅 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝛿𝛿1𝑅𝑅𝑅𝑅+𝑋𝑋𝑋𝑋1𝐿𝐿𝐿𝐿 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝛿𝛿1𝐿𝐿𝐿𝐿 + 𝑌𝑌𝑌𝑌1𝐿𝐿𝐿𝐿 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝛿𝛿1𝐿𝐿𝐿𝐿 + 𝑌𝑌𝑌𝑌2𝑅𝑅𝑅𝑅 + 𝑌𝑌𝑌𝑌2𝐿𝐿𝐿𝐿) ∙ ℎ𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 + 𝑍𝑍𝑍𝑍1𝐿𝐿𝐿𝐿 ∙
𝑡𝑡𝑡𝑡
2
− 𝑍𝑍𝑍𝑍1𝑅𝑅𝑅𝑅 ∙

𝑡𝑡𝑡𝑡
2

+ 𝑍𝑍𝑍𝑍2𝐿𝐿𝐿𝐿

∙
𝑡𝑡𝑡𝑡
2
− 𝑍𝑍𝑍𝑍2𝑅𝑅𝑅𝑅 ∙

𝑡𝑡𝑡𝑡
2

 

 (9) 

 
𝑀𝑀𝑀𝑀𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 = (−𝑋𝑋𝑋𝑋1𝑅𝑅𝑅𝑅 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝛿𝛿1𝑅𝑅𝑅𝑅 + 𝑌𝑌𝑌𝑌1𝑅𝑅𝑅𝑅 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝛿𝛿1𝑅𝑅𝑅𝑅−𝑋𝑋𝑋𝑋1𝐿𝐿𝐿𝐿 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝛿𝛿1𝐿𝐿𝐿𝐿 + 𝑌𝑌𝑌𝑌1𝐿𝐿𝐿𝐿 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝛿𝛿1𝐿𝐿𝐿𝐿 − 𝑋𝑋𝑋𝑋2𝑅𝑅𝑅𝑅 − 𝑋𝑋𝑋𝑋2𝐿𝐿𝐿𝐿) ∙ ℎ𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 − 𝑍𝑍𝑍𝑍1𝐿𝐿𝐿𝐿

∙ 𝑙𝑙𝑙𝑙1 − 𝑍𝑍𝑍𝑍1𝑅𝑅𝑅𝑅 ∙ 𝑙𝑙𝑙𝑙1 + 𝑍𝑍𝑍𝑍2𝐿𝐿𝐿𝐿 ∙ 𝑙𝑙𝑙𝑙2 − 𝑍𝑍𝑍𝑍2𝑅𝑅𝑅𝑅 ∙ 𝑙𝑙𝑙𝑙2 
 (10) 

 
(𝐹𝐹𝐹𝐹𝐵𝐵𝐵𝐵𝑋𝑋𝑋𝑋 + 𝐹𝐹𝐹𝐹𝑂𝑂𝑂𝑂𝑅𝑅𝑅𝑅) ∙ (ℎ𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 − ℎ𝑂𝑂𝑂𝑂) =

= (−𝑋𝑋𝑋𝑋1𝑅𝑅𝑅𝑅 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝛿𝛿1𝑅𝑅𝑅𝑅 + 𝑌𝑌𝑌𝑌1𝑅𝑅𝑅𝑅 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝛿𝛿1𝑅𝑅𝑅𝑅−𝑋𝑋𝑋𝑋1𝐿𝐿𝐿𝐿 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝛿𝛿1𝐿𝐿𝐿𝐿 + 𝑌𝑌𝑌𝑌1𝐿𝐿𝐿𝐿 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝛿𝛿1𝐿𝐿𝐿𝐿 − 𝑋𝑋𝑋𝑋2𝑅𝑅𝑅𝑅 − 𝑋𝑋𝑋𝑋2𝐿𝐿𝐿𝐿) ∙ ℎ𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 − 𝑍𝑍𝑍𝑍1𝐿𝐿𝐿𝐿 ∙ 𝑙𝑙𝑙𝑙1
− 𝑍𝑍𝑍𝑍1𝑅𝑅𝑅𝑅 ∙ 𝑙𝑙𝑙𝑙1 + 𝑍𝑍𝑍𝑍2𝐿𝐿𝐿𝐿 ∙ 𝑙𝑙𝑙𝑙2 − 𝑍𝑍𝑍𝑍2𝑅𝑅𝑅𝑅 ∙ 𝑙𝑙𝑙𝑙2 

 (11) 

 
𝐼𝐼𝐼𝐼𝑌𝑌𝑌𝑌 ∙ �̈�𝜃𝜃𝜃 = (−𝑋𝑋𝑋𝑋1𝑅𝑅𝑅𝑅 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝛿𝛿1𝑅𝑅𝑅𝑅 + 𝑌𝑌𝑌𝑌1𝑅𝑅𝑅𝑅 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝛿𝛿1𝑅𝑅𝑅𝑅−𝑋𝑋𝑋𝑋1𝐿𝐿𝐿𝐿 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝛿𝛿1𝐿𝐿𝐿𝐿 + 𝑌𝑌𝑌𝑌1𝐿𝐿𝐿𝐿 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝛿𝛿1𝐿𝐿𝐿𝐿 − 𝑋𝑋𝑋𝑋2𝑅𝑅𝑅𝑅 − 𝑋𝑋𝑋𝑋2𝐿𝐿𝐿𝐿) ∙ ℎ𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 − 𝑍𝑍𝑍𝑍1𝐿𝐿𝐿𝐿 ∙ 𝑙𝑙𝑙𝑙1 − 𝑍𝑍𝑍𝑍1𝑅𝑅𝑅𝑅 ∙ 𝑙𝑙𝑙𝑙1

+ 𝑍𝑍𝑍𝑍2𝐿𝐿𝐿𝐿 ∙ 𝑙𝑙𝑙𝑙2 − 𝑍𝑍𝑍𝑍2𝑅𝑅𝑅𝑅 ∙ 𝑙𝑙𝑙𝑙2 

 (12) 
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𝑀𝑀𝑀𝑀𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 = 𝑋𝑋𝑋𝑋1𝐿𝐿𝐿𝐿 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝛿𝛿1𝐿𝐿𝐿𝐿 ∙
𝑡𝑡𝑡𝑡
2
− 𝑋𝑋𝑋𝑋1𝐿𝐿𝐿𝐿 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝛿𝛿1𝐿𝐿𝐿𝐿 ∙ 𝑙𝑙𝑙𝑙1 − 𝑌𝑌𝑌𝑌1𝐿𝐿𝐿𝐿 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝛿𝛿1𝐿𝐿𝐿𝐿 ∙ 𝑙𝑙𝑙𝑙1 − 𝑌𝑌𝑌𝑌1𝐿𝐿𝐿𝐿 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝛿𝛿1𝐿𝐿𝐿𝐿 ∙

𝑡𝑡𝑡𝑡
2
− 𝑋𝑋𝑋𝑋1𝑅𝑅𝑅𝑅 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝛿𝛿1𝑅𝑅𝑅𝑅 ∙

𝑡𝑡𝑡𝑡
2
− 𝑋𝑋𝑋𝑋1𝑅𝑅𝑅𝑅 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝛿𝛿1𝑅𝑅𝑅𝑅

∙ 𝑙𝑙𝑙𝑙1 − 𝑌𝑌𝑌𝑌1𝑅𝑅𝑅𝑅 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝛿𝛿1𝑅𝑅𝑅𝑅 ∙ 𝑙𝑙𝑙𝑙1 + 𝑌𝑌𝑌𝑌1𝑅𝑅𝑅𝑅 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝛿𝛿1𝑅𝑅𝑅𝑅 ∙
𝑡𝑡𝑡𝑡
2

+ 𝑋𝑋𝑋𝑋2𝐿𝐿𝐿𝐿 ∙
𝑡𝑡𝑡𝑡
2

+ 𝑌𝑌𝑌𝑌2𝐿𝐿𝐿𝐿 ∙ 𝑙𝑙𝑙𝑙2 − 𝑋𝑋𝑋𝑋2𝑅𝑅𝑅𝑅 ∙
𝑡𝑡𝑡𝑡
2

+ 𝑌𝑌𝑌𝑌2𝑅𝑅𝑅𝑅 ∙ 𝑙𝑙𝑙𝑙2 

 (13) 

 

𝐼𝐼𝐼𝐼𝑍𝑍𝑍𝑍 ∙ �̈�𝜓𝜓𝜓 = 𝑋𝑋𝑋𝑋1𝐿𝐿𝐿𝐿 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝛿𝛿1𝐿𝐿𝐿𝐿 ∙
𝑡𝑡𝑡𝑡
2
− 𝑋𝑋𝑋𝑋1𝐿𝐿𝐿𝐿 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝛿𝛿1𝐿𝐿𝐿𝐿 ∙ 𝑙𝑙𝑙𝑙1 − 𝑌𝑌𝑌𝑌1𝐿𝐿𝐿𝐿 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝛿𝛿1𝐿𝐿𝐿𝐿 ∙ 𝑙𝑙𝑙𝑙1 − 𝑌𝑌𝑌𝑌1𝐿𝐿𝐿𝐿 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝛿𝛿1𝐿𝐿𝐿𝐿 ∙

𝑡𝑡𝑡𝑡
2
− 𝑋𝑋𝑋𝑋1𝑅𝑅𝑅𝑅 ∙

𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝛿𝛿1𝑅𝑅𝑅𝑅 ∙
𝑡𝑡𝑡𝑡
2
− 𝑋𝑋𝑋𝑋1𝑅𝑅𝑅𝑅 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝛿𝛿1𝑅𝑅𝑅𝑅 ∙ 𝑙𝑙𝑙𝑙1 − 𝑌𝑌𝑌𝑌1𝑅𝑅𝑅𝑅 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝛿𝛿1𝑅𝑅𝑅𝑅 ∙ 𝑙𝑙𝑙𝑙1 + 𝑌𝑌𝑌𝑌1𝑅𝑅𝑅𝑅 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝛿𝛿1𝑅𝑅𝑅𝑅 ∙

𝑡𝑡𝑡𝑡
2

+ 𝑋𝑋𝑋𝑋2𝐿𝐿𝐿𝐿 ∙
𝑡𝑡𝑡𝑡
2

+ 𝑌𝑌𝑌𝑌2𝐿𝐿𝐿𝐿 ∙ 𝑙𝑙𝑙𝑙2 − 𝑋𝑋𝑋𝑋2𝑅𝑅𝑅𝑅 ∙
𝑡𝑡𝑡𝑡
2

+ 𝑌𝑌𝑌𝑌2𝑅𝑅𝑅𝑅 ∙ 𝑙𝑙𝑙𝑙2 (14) 

 
For the needs of this article some simplifications of the model were made. Longitudinal velocity was 
assumed as constant. For simulations, as input parameter averaged longitudinal velocity was applied. 
So, longitudinal inertial forces were skipped. This was justified, because the longitudinal accelerations 
did not exceed (0.4-0.6) m/s2 during the maneuver. During the tests a driver was responsible for keeping 
the speed constant. The simplifications are shown below: 
 
𝑥𝑥𝑥𝑥 ̈ = 0 
hCG= 0 
hO = 0 
φ = 0 
θ = 0 

 
So, taking into account the above mentioned assumptions, the system of differential equations describing 
vehicle's motion contains equations (4) and (14). After simplifications, the system of differential 
equations (4) and (14) was solved, representing two-degree-of-freedom model. 
To describe the cornering properties of front and rear axle, the dependence between transverse forces 
and side slip angles of left and right side of axles was applied. It was implemented in two ways. Firstly, 
it was the most simplified linear dependence between lateral force Y and side slip angle α, using 
cornering stiffnesses K of left and right sides of front and rear axle. Second approach was the application 
of Magic Formula in steady-state version, where the linear fragment of Magic Formula coincided with 
the linear function associated with cornering stiffness. 

𝑌𝑌𝑌𝑌 = 𝐾𝐾𝐾𝐾 ∙ 𝛼𝛼𝛼𝛼 (15) 

Secondly, there was applied Magic Formula [13] to present the dependence between tangent reaction 
force Y and side slip angle α. Force Y is also calculated in dependence with normal road - wheel reaction 
force Z and tyre-to-road adhesion coefficient µ. 

𝑌𝑌𝑌𝑌 = −𝜇𝜇𝜇𝜇 ∙ 𝑍𝑍𝑍𝑍 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 �𝐶𝐶𝐶𝐶 ∙ 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑐𝑐𝑐𝑐𝑡𝑡𝑡𝑡𝑎𝑎𝑎𝑎 �𝐵𝐵𝐵𝐵 ∙ 𝛼𝛼𝛼𝛼 − 𝐸𝐸𝐸𝐸 ∙ �𝐵𝐵𝐵𝐵 ∙ 𝛼𝛼𝛼𝛼 − 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑐𝑐𝑐𝑐𝑡𝑡𝑡𝑡𝑎𝑎𝑎𝑎(𝐵𝐵𝐵𝐵 ∙ 𝛼𝛼𝛼𝛼)��� (16) 

In Table 2 there are presented coefficients applied in case of formulas (15) and (16) for front and rear 
axle. 

Tab. 2. Coefficients for equations (17) and (18) applied during simulation 
 left, right part  

of front axle 
left, right part  

of rear axle 
cornering stiffness 

K [N/rad] 80000 105000 

B 17 30 

For the needs of this article some simplifications of the model were made. Longitudinal 
velocity was assumed as constant. For simulations, as input parameter averaged longitu-
dinal velocity was applied. So, longitudinal inertial forces were skipped. This was justified, 
because the longitudinal accelerations did not exceed (0.4-0.6) m/s2 during the maneuver. 
During the tests a driver was responsible for keeping the speed constant. The simplifica-
tions are shown below:
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𝑡𝑡𝑡𝑡
2
− 𝑋𝑋𝑋𝑋1𝑅𝑅𝑅𝑅 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝛿𝛿1𝑅𝑅𝑅𝑅 ∙

𝑡𝑡𝑡𝑡
2
− 𝑋𝑋𝑋𝑋1𝑅𝑅𝑅𝑅 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝛿𝛿1𝑅𝑅𝑅𝑅

∙ 𝑙𝑙𝑙𝑙1 − 𝑌𝑌𝑌𝑌1𝑅𝑅𝑅𝑅 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝛿𝛿1𝑅𝑅𝑅𝑅 ∙ 𝑙𝑙𝑙𝑙1 + 𝑌𝑌𝑌𝑌1𝑅𝑅𝑅𝑅 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝛿𝛿1𝑅𝑅𝑅𝑅 ∙
𝑡𝑡𝑡𝑡
2

+ 𝑋𝑋𝑋𝑋2𝐿𝐿𝐿𝐿 ∙
𝑡𝑡𝑡𝑡
2

+ 𝑌𝑌𝑌𝑌2𝐿𝐿𝐿𝐿 ∙ 𝑙𝑙𝑙𝑙2 − 𝑋𝑋𝑋𝑋2𝑅𝑅𝑅𝑅 ∙
𝑡𝑡𝑡𝑡
2

+ 𝑌𝑌𝑌𝑌2𝑅𝑅𝑅𝑅 ∙ 𝑙𝑙𝑙𝑙2 

 (13) 

 

𝐼𝐼𝐼𝐼𝑍𝑍𝑍𝑍 ∙ �̈�𝜓𝜓𝜓 = 𝑋𝑋𝑋𝑋1𝐿𝐿𝐿𝐿 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝛿𝛿1𝐿𝐿𝐿𝐿 ∙
𝑡𝑡𝑡𝑡
2
− 𝑋𝑋𝑋𝑋1𝐿𝐿𝐿𝐿 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝛿𝛿1𝐿𝐿𝐿𝐿 ∙ 𝑙𝑙𝑙𝑙1 − 𝑌𝑌𝑌𝑌1𝐿𝐿𝐿𝐿 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝛿𝛿1𝐿𝐿𝐿𝐿 ∙ 𝑙𝑙𝑙𝑙1 − 𝑌𝑌𝑌𝑌1𝐿𝐿𝐿𝐿 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝛿𝛿1𝐿𝐿𝐿𝐿 ∙

𝑡𝑡𝑡𝑡
2
− 𝑋𝑋𝑋𝑋1𝑅𝑅𝑅𝑅 ∙

𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝛿𝛿1𝑅𝑅𝑅𝑅 ∙
𝑡𝑡𝑡𝑡
2
− 𝑋𝑋𝑋𝑋1𝑅𝑅𝑅𝑅 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝛿𝛿1𝑅𝑅𝑅𝑅 ∙ 𝑙𝑙𝑙𝑙1 − 𝑌𝑌𝑌𝑌1𝑅𝑅𝑅𝑅 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝛿𝛿1𝑅𝑅𝑅𝑅 ∙ 𝑙𝑙𝑙𝑙1 + 𝑌𝑌𝑌𝑌1𝑅𝑅𝑅𝑅 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝛿𝛿1𝑅𝑅𝑅𝑅 ∙

𝑡𝑡𝑡𝑡
2

+ 𝑋𝑋𝑋𝑋2𝐿𝐿𝐿𝐿 ∙
𝑡𝑡𝑡𝑡
2

+ 𝑌𝑌𝑌𝑌2𝐿𝐿𝐿𝐿 ∙ 𝑙𝑙𝑙𝑙2 − 𝑋𝑋𝑋𝑋2𝑅𝑅𝑅𝑅 ∙
𝑡𝑡𝑡𝑡
2

+ 𝑌𝑌𝑌𝑌2𝑅𝑅𝑅𝑅 ∙ 𝑙𝑙𝑙𝑙2 (14) 

 
For the needs of this article some simplifications of the model were made. Longitudinal velocity was 
assumed as constant. For simulations, as input parameter averaged longitudinal velocity was applied. 
So, longitudinal inertial forces were skipped. This was justified, because the longitudinal accelerations 
did not exceed (0.4-0.6) m/s2 during the maneuver. During the tests a driver was responsible for keeping 
the speed constant. The simplifications are shown below: 
 
𝑥𝑥𝑥𝑥 ̈ = 0 
hCG= 0 
hO = 0 
φ = 0 
θ = 0 

 
So, taking into account the above mentioned assumptions, the system of differential equations describing 
vehicle's motion contains equations (4) and (14). After simplifications, the system of differential 
equations (4) and (14) was solved, representing two-degree-of-freedom model. 
To describe the cornering properties of front and rear axle, the dependence between transverse forces 
and side slip angles of left and right side of axles was applied. It was implemented in two ways. Firstly, 
it was the most simplified linear dependence between lateral force Y and side slip angle α, using 
cornering stiffnesses K of left and right sides of front and rear axle. Second approach was the application 
of Magic Formula in steady-state version, where the linear fragment of Magic Formula coincided with 
the linear function associated with cornering stiffness. 

𝑌𝑌𝑌𝑌 = 𝐾𝐾𝐾𝐾 ∙ 𝛼𝛼𝛼𝛼 (15) 

Secondly, there was applied Magic Formula [13] to present the dependence between tangent reaction 
force Y and side slip angle α. Force Y is also calculated in dependence with normal road - wheel reaction 
force Z and tyre-to-road adhesion coefficient µ. 

𝑌𝑌𝑌𝑌 = −𝜇𝜇𝜇𝜇 ∙ 𝑍𝑍𝑍𝑍 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 �𝐶𝐶𝐶𝐶 ∙ 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑐𝑐𝑐𝑐𝑡𝑡𝑡𝑡𝑎𝑎𝑎𝑎 �𝐵𝐵𝐵𝐵 ∙ 𝛼𝛼𝛼𝛼 − 𝐸𝐸𝐸𝐸 ∙ �𝐵𝐵𝐵𝐵 ∙ 𝛼𝛼𝛼𝛼 − 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑐𝑐𝑐𝑐𝑡𝑡𝑡𝑡𝑎𝑎𝑎𝑎(𝐵𝐵𝐵𝐵 ∙ 𝛼𝛼𝛼𝛼)��� (16) 

In Table 2 there are presented coefficients applied in case of formulas (15) and (16) for front and rear 
axle. 

Tab. 2. Coefficients for equations (17) and (18) applied during simulation 
 left, right part  

of front axle 
left, right part  

of rear axle 
cornering stiffness 

K [N/rad] 80000 105000 

B 17 30 

So, taking into account the above mentioned assumptions, the system of differential 
equations describing vehicle's motion contains equations (4) and (14). After simplifica-
tions, the system of differential equations (4) and (14) was solved, representing two-de-
gree-of-freedom model.

To describe the cornering properties of front and rear axle, the dependence between 
transverse forces and side slip angles of left and right side of axles was applied. It was 
implemented in two ways. Firstly, it was the most simplified linear dependence between 
lateral force Y and side slip angle α, using cornering stiffnesses K of left and right sides of 
front and rear axle. Second approach was the application of Magic Formula in steady-state 
version, where the linear fragment of Magic Formula coincided with the linear function as-
sociated with cornering stiffness.
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𝑡𝑡𝑡𝑡
2
− 𝑋𝑋𝑋𝑋1𝑅𝑅𝑅𝑅 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝛿𝛿1𝑅𝑅𝑅𝑅 ∙

𝑡𝑡𝑡𝑡
2
− 𝑋𝑋𝑋𝑋1𝑅𝑅𝑅𝑅 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝛿𝛿1𝑅𝑅𝑅𝑅

∙ 𝑙𝑙𝑙𝑙1 − 𝑌𝑌𝑌𝑌1𝑅𝑅𝑅𝑅 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝛿𝛿1𝑅𝑅𝑅𝑅 ∙ 𝑙𝑙𝑙𝑙1 + 𝑌𝑌𝑌𝑌1𝑅𝑅𝑅𝑅 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝛿𝛿1𝑅𝑅𝑅𝑅 ∙
𝑡𝑡𝑡𝑡
2

+ 𝑋𝑋𝑋𝑋2𝐿𝐿𝐿𝐿 ∙
𝑡𝑡𝑡𝑡
2

+ 𝑌𝑌𝑌𝑌2𝐿𝐿𝐿𝐿 ∙ 𝑙𝑙𝑙𝑙2 − 𝑋𝑋𝑋𝑋2𝑅𝑅𝑅𝑅 ∙
𝑡𝑡𝑡𝑡
2

+ 𝑌𝑌𝑌𝑌2𝑅𝑅𝑅𝑅 ∙ 𝑙𝑙𝑙𝑙2 

 (13) 

 

𝐼𝐼𝐼𝐼𝑍𝑍𝑍𝑍 ∙ �̈�𝜓𝜓𝜓 = 𝑋𝑋𝑋𝑋1𝐿𝐿𝐿𝐿 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝛿𝛿1𝐿𝐿𝐿𝐿 ∙
𝑡𝑡𝑡𝑡
2
− 𝑋𝑋𝑋𝑋1𝐿𝐿𝐿𝐿 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝛿𝛿1𝐿𝐿𝐿𝐿 ∙ 𝑙𝑙𝑙𝑙1 − 𝑌𝑌𝑌𝑌1𝐿𝐿𝐿𝐿 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝛿𝛿1𝐿𝐿𝐿𝐿 ∙ 𝑙𝑙𝑙𝑙1 − 𝑌𝑌𝑌𝑌1𝐿𝐿𝐿𝐿 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝛿𝛿1𝐿𝐿𝐿𝐿 ∙

𝑡𝑡𝑡𝑡
2
− 𝑋𝑋𝑋𝑋1𝑅𝑅𝑅𝑅 ∙

𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝛿𝛿1𝑅𝑅𝑅𝑅 ∙
𝑡𝑡𝑡𝑡
2
− 𝑋𝑋𝑋𝑋1𝑅𝑅𝑅𝑅 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝛿𝛿1𝑅𝑅𝑅𝑅 ∙ 𝑙𝑙𝑙𝑙1 − 𝑌𝑌𝑌𝑌1𝑅𝑅𝑅𝑅 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝛿𝛿1𝑅𝑅𝑅𝑅 ∙ 𝑙𝑙𝑙𝑙1 + 𝑌𝑌𝑌𝑌1𝑅𝑅𝑅𝑅 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝛿𝛿1𝑅𝑅𝑅𝑅 ∙

𝑡𝑡𝑡𝑡
2

+ 𝑋𝑋𝑋𝑋2𝐿𝐿𝐿𝐿 ∙
𝑡𝑡𝑡𝑡
2

+ 𝑌𝑌𝑌𝑌2𝐿𝐿𝐿𝐿 ∙ 𝑙𝑙𝑙𝑙2 − 𝑋𝑋𝑋𝑋2𝑅𝑅𝑅𝑅 ∙
𝑡𝑡𝑡𝑡
2

+ 𝑌𝑌𝑌𝑌2𝑅𝑅𝑅𝑅 ∙ 𝑙𝑙𝑙𝑙2 (14) 

 
For the needs of this article some simplifications of the model were made. Longitudinal velocity was 
assumed as constant. For simulations, as input parameter averaged longitudinal velocity was applied. 
So, longitudinal inertial forces were skipped. This was justified, because the longitudinal accelerations 
did not exceed (0.4-0.6) m/s2 during the maneuver. During the tests a driver was responsible for keeping 
the speed constant. The simplifications are shown below: 
 
𝑥𝑥𝑥𝑥 ̈ = 0 
hCG= 0 
hO = 0 
φ = 0 
θ = 0 

 
So, taking into account the above mentioned assumptions, the system of differential equations describing 
vehicle's motion contains equations (4) and (14). After simplifications, the system of differential 
equations (4) and (14) was solved, representing two-degree-of-freedom model. 
To describe the cornering properties of front and rear axle, the dependence between transverse forces 
and side slip angles of left and right side of axles was applied. It was implemented in two ways. Firstly, 
it was the most simplified linear dependence between lateral force Y and side slip angle α, using 
cornering stiffnesses K of left and right sides of front and rear axle. Second approach was the application 
of Magic Formula in steady-state version, where the linear fragment of Magic Formula coincided with 
the linear function associated with cornering stiffness. 

𝑌𝑌𝑌𝑌 = 𝐾𝐾𝐾𝐾 ∙ 𝛼𝛼𝛼𝛼 (15) 

Secondly, there was applied Magic Formula [13] to present the dependence between tangent reaction 
force Y and side slip angle α. Force Y is also calculated in dependence with normal road - wheel reaction 
force Z and tyre-to-road adhesion coefficient µ. 

𝑌𝑌𝑌𝑌 = −𝜇𝜇𝜇𝜇 ∙ 𝑍𝑍𝑍𝑍 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 �𝐶𝐶𝐶𝐶 ∙ 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑐𝑐𝑐𝑐𝑡𝑡𝑡𝑡𝑎𝑎𝑎𝑎 �𝐵𝐵𝐵𝐵 ∙ 𝛼𝛼𝛼𝛼 − 𝐸𝐸𝐸𝐸 ∙ �𝐵𝐵𝐵𝐵 ∙ 𝛼𝛼𝛼𝛼 − 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑐𝑐𝑐𝑐𝑡𝑡𝑡𝑡𝑎𝑎𝑎𝑎(𝐵𝐵𝐵𝐵 ∙ 𝛼𝛼𝛼𝛼)��� (16) 

In Table 2 there are presented coefficients applied in case of formulas (15) and (16) for front and rear 
axle. 

Tab. 2. Coefficients for equations (17) and (18) applied during simulation 
 left, right part  

of front axle 
left, right part  

of rear axle 
cornering stiffness 

K [N/rad] 80000 105000 

B 17 30 

Secondly, there was applied Magic Formula [13] to present the dependence between tan-
gent reaction force Y and side slip angle α. Force Y is also calculated in dependence with 
normal road – wheel reaction force Z and tyre-to-road adhesion coefficient μ.
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𝑀𝑀𝑀𝑀𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 = 𝑋𝑋𝑋𝑋1𝐿𝐿𝐿𝐿 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝛿𝛿1𝐿𝐿𝐿𝐿 ∙
𝑡𝑡𝑡𝑡
2
− 𝑋𝑋𝑋𝑋1𝐿𝐿𝐿𝐿 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝛿𝛿1𝐿𝐿𝐿𝐿 ∙ 𝑙𝑙𝑙𝑙1 − 𝑌𝑌𝑌𝑌1𝐿𝐿𝐿𝐿 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝛿𝛿1𝐿𝐿𝐿𝐿 ∙ 𝑙𝑙𝑙𝑙1 − 𝑌𝑌𝑌𝑌1𝐿𝐿𝐿𝐿 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝛿𝛿1𝐿𝐿𝐿𝐿 ∙

𝑡𝑡𝑡𝑡
2
− 𝑋𝑋𝑋𝑋1𝑅𝑅𝑅𝑅 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝛿𝛿1𝑅𝑅𝑅𝑅 ∙

𝑡𝑡𝑡𝑡
2
− 𝑋𝑋𝑋𝑋1𝑅𝑅𝑅𝑅 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝛿𝛿1𝑅𝑅𝑅𝑅

∙ 𝑙𝑙𝑙𝑙1 − 𝑌𝑌𝑌𝑌1𝑅𝑅𝑅𝑅 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝛿𝛿1𝑅𝑅𝑅𝑅 ∙ 𝑙𝑙𝑙𝑙1 + 𝑌𝑌𝑌𝑌1𝑅𝑅𝑅𝑅 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝛿𝛿1𝑅𝑅𝑅𝑅 ∙
𝑡𝑡𝑡𝑡
2

+ 𝑋𝑋𝑋𝑋2𝐿𝐿𝐿𝐿 ∙
𝑡𝑡𝑡𝑡
2

+ 𝑌𝑌𝑌𝑌2𝐿𝐿𝐿𝐿 ∙ 𝑙𝑙𝑙𝑙2 − 𝑋𝑋𝑋𝑋2𝑅𝑅𝑅𝑅 ∙
𝑡𝑡𝑡𝑡
2

+ 𝑌𝑌𝑌𝑌2𝑅𝑅𝑅𝑅 ∙ 𝑙𝑙𝑙𝑙2 

 (13) 

 

𝐼𝐼𝐼𝐼𝑍𝑍𝑍𝑍 ∙ �̈�𝜓𝜓𝜓 = 𝑋𝑋𝑋𝑋1𝐿𝐿𝐿𝐿 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝛿𝛿1𝐿𝐿𝐿𝐿 ∙
𝑡𝑡𝑡𝑡
2
− 𝑋𝑋𝑋𝑋1𝐿𝐿𝐿𝐿 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝛿𝛿1𝐿𝐿𝐿𝐿 ∙ 𝑙𝑙𝑙𝑙1 − 𝑌𝑌𝑌𝑌1𝐿𝐿𝐿𝐿 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝛿𝛿1𝐿𝐿𝐿𝐿 ∙ 𝑙𝑙𝑙𝑙1 − 𝑌𝑌𝑌𝑌1𝐿𝐿𝐿𝐿 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝛿𝛿1𝐿𝐿𝐿𝐿 ∙

𝑡𝑡𝑡𝑡
2
− 𝑋𝑋𝑋𝑋1𝑅𝑅𝑅𝑅 ∙

𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝛿𝛿1𝑅𝑅𝑅𝑅 ∙
𝑡𝑡𝑡𝑡
2
− 𝑋𝑋𝑋𝑋1𝑅𝑅𝑅𝑅 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝛿𝛿1𝑅𝑅𝑅𝑅 ∙ 𝑙𝑙𝑙𝑙1 − 𝑌𝑌𝑌𝑌1𝑅𝑅𝑅𝑅 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝛿𝛿1𝑅𝑅𝑅𝑅 ∙ 𝑙𝑙𝑙𝑙1 + 𝑌𝑌𝑌𝑌1𝑅𝑅𝑅𝑅 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝛿𝛿1𝑅𝑅𝑅𝑅 ∙

𝑡𝑡𝑡𝑡
2

+ 𝑋𝑋𝑋𝑋2𝐿𝐿𝐿𝐿 ∙
𝑡𝑡𝑡𝑡
2

+ 𝑌𝑌𝑌𝑌2𝐿𝐿𝐿𝐿 ∙ 𝑙𝑙𝑙𝑙2 − 𝑋𝑋𝑋𝑋2𝑅𝑅𝑅𝑅 ∙
𝑡𝑡𝑡𝑡
2

+ 𝑌𝑌𝑌𝑌2𝑅𝑅𝑅𝑅 ∙ 𝑙𝑙𝑙𝑙2 (14) 

 
For the needs of this article some simplifications of the model were made. Longitudinal velocity was 
assumed as constant. For simulations, as input parameter averaged longitudinal velocity was applied. 
So, longitudinal inertial forces were skipped. This was justified, because the longitudinal accelerations 
did not exceed (0.4-0.6) m/s2 during the maneuver. During the tests a driver was responsible for keeping 
the speed constant. The simplifications are shown below: 
 
𝑥𝑥𝑥𝑥 ̈ = 0 
hCG= 0 
hO = 0 
φ = 0 
θ = 0 

 
So, taking into account the above mentioned assumptions, the system of differential equations describing 
vehicle's motion contains equations (4) and (14). After simplifications, the system of differential 
equations (4) and (14) was solved, representing two-degree-of-freedom model. 
To describe the cornering properties of front and rear axle, the dependence between transverse forces 
and side slip angles of left and right side of axles was applied. It was implemented in two ways. Firstly, 
it was the most simplified linear dependence between lateral force Y and side slip angle α, using 
cornering stiffnesses K of left and right sides of front and rear axle. Second approach was the application 
of Magic Formula in steady-state version, where the linear fragment of Magic Formula coincided with 
the linear function associated with cornering stiffness. 

𝑌𝑌𝑌𝑌 = 𝐾𝐾𝐾𝐾 ∙ 𝛼𝛼𝛼𝛼 (15) 

Secondly, there was applied Magic Formula [13] to present the dependence between tangent reaction 
force Y and side slip angle α. Force Y is also calculated in dependence with normal road - wheel reaction 
force Z and tyre-to-road adhesion coefficient µ. 

𝑌𝑌𝑌𝑌 = −𝜇𝜇𝜇𝜇 ∙ 𝑍𝑍𝑍𝑍 ∙ 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 �𝐶𝐶𝐶𝐶 ∙ 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑐𝑐𝑐𝑐𝑡𝑡𝑡𝑡𝑎𝑎𝑎𝑎 �𝐵𝐵𝐵𝐵 ∙ 𝛼𝛼𝛼𝛼 − 𝐸𝐸𝐸𝐸 ∙ �𝐵𝐵𝐵𝐵 ∙ 𝛼𝛼𝛼𝛼 − 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑐𝑐𝑐𝑐𝑡𝑡𝑡𝑡𝑎𝑎𝑎𝑎(𝐵𝐵𝐵𝐵 ∙ 𝛼𝛼𝛼𝛼)��� (16) 

In Table 2 there are presented coefficients applied in case of formulas (15) and (16) for front and rear 
axle. 

Tab. 2. Coefficients for equations (17) and (18) applied during simulation 
 left, right part  

of front axle 
left, right part  

of rear axle 
cornering stiffness 

K [N/rad] 80000 105000 

B 17 30 

In Table 2 there are presented coefficients applied in case of formulas (15) and (16) for front 
and rear axle.
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Tab. 2. Coefficients for equations (17) and (18) applied during simulation

left, right part of front axle left, right part of rear axle

cornering stiffness K 
[N/rad]

80000 105000

B 17 30

C 1.1 1.1

D μ∙Z μ∙Z

E -15 -15

Figures 2 and 3 show side slip characteristics for front and rear axle. Each characteristic 
represents respectively left and right side of front (Figure 2) and rear axle (Figure 3).

 

Fig. 2. Side slip characteristic of left or right side of front axle

Fig. 3. Side slip characteristic of left or right side of rear axle
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The Authors decided to apply for the research the signals from CAN bus, through special 
measurement card and own software made in LabView environment. Thanks to this ap-
proach, it was not necessary to use external sensors of such signals as steering wheel 
angle, yaw velocity and lateral acceleration. Of course, in the future it is planned to com-
pare CAN bus signals with those measured applying external sensors. Additionally, simple 
10 Hz GPS receiver was used to know speed of researched automobile. 

Simplified structure of simulation program is presented in Figure 4. Matlab/Simulink envi-
ronment allowed for solving the system of differential equations (4) and (14).

 

Fig. 4. The idea of simulation program applied in research

3. Exemplary simulation results of vehicle’s curvilinear motion

To ensure comparability of road tests with simulation results, the input parameter of the 
model in a form of steering wheel angle signal was assumed. Also, the information of ve-
hicle’s speed came from GPS receiver. During the tests the vehicle’s speed was approxi-
mately constant. So, for simulations the speed was averaged for each of the tests.

Figure 5 shows front driven Hyundai Veloster applied for road tests.
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Fig. 5. Hyundai Veloster during double lane change maneuver

In this chapter there are presented exemplary simulation results of curvilinear motion sim-
ulations. They are represented by vehicle’s angular, lateral velocity and lateral acceleration 
in the center of gravity (COG). The Authors presented road tests and simulation results on 
the basis of two types of maneuvers - double lane change [6] and obstacle avoidance [7]. 

First type of applied maneuver is described in Figure 6.

 

Fig. 6. Scheme of double lane change maneuver according to [6] ISO 3888-1:2018

In Figure 7 we can see the yaw velocity and steering wheel angle courses, including road 
tests and simulation results for two different side slip characteristics.
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Fig. 7. Vehicle’s yaw velocity and steering wheel angle  
(double lane change test [6] – road test and simulations)

In Figures 8 and 9 there are also depicted respectively the plots of vehicle's lateral velocity 
and acceleration from road measurements and simulations.

 

Fig. 8. Vehicle’s COG lateral velocity and steering wheel angle  
(double lane change test [6] – road test and simulations)
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Fig. 9. Vehicle’s COG lateral acceleration and steering wheel angle  
(double lane change test [6] – road test and simulations)

Second type of double lane change attempt is presented in Figure 10.

 

Fig. 10. Scheme of obstacle avoidance maneuver according to ISO 3888-2:2011 [7]

Similar to the previous road test [6], in Figures 11, 12 and 13 there are presented the courses 
of steering wheel angle, the vehicle's yaw and lateral velocity, and lateral acceleration.
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Fig. 11. Vehicle’s yaw velocity and steering wheel angle  
(obstacle avoidance test [7] – road test and simulations)

 

Fig. 12. Vehicle’s COG lateral velocity and steering wheel angle  
(obstacle avoidance test [7] – road test and simulations)
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Fig. 13. Vehicle’s COG lateral acceleration and steering wheel angle  
(obstacle avoidance test [7] – road test and simulations)

Maneuver described by ISO 3888-2:2011 is characterized by much shorter length. This is 
why in case of this test and nearly two times lower vehicle's speed the values of lateral 
accelerations are comparable. 

Simulations were performed for two types of side slip characteristics - linear and non-
linear - described by Pacejka's Magic Formula [13]. Special role of non-linear characteris-
tics can be seen on the results of simulation of ISO 3888:2:2011. This is because of higher 
side slip angles in this maneuver (about two times higher are the peak values of steering 
wheel angle). Linear side slip characteristics are not enough in this maneuver's simulation, 
because for higher values of side slip angles they do not limit the lateral forces, not recog-
nizing full lateral slip. For maneuvers with higher level of lateral dynamics it is necessary to 
include the saturation of road-tyre lateral forces, which represents full side slip. In [14] it 
is suggested to apply linear dependence between lateral forces and side slip angles until 
lateral acceleration exceeds 0.4 g. 

4. Conclusion

It is worth continuing works on the development of vehicle's motion modelling, especially 
curvilinear motion. It requires proper mathematical model of a vehicle. What is more prob-
lematic, some input signals are usually needed. In case of this article it was steering wheel 
angle and vehicle's speed which was practically constant during performed tests, and 
taken from GPS receiver. The original feature of the article is that the model's input pa-
rameter (steering wheel angle) came from CAN-C network of the vehicle. The yaw velocity 
signal and lateral acceleration signal also came from CAN-C, to which the ESP control unit 
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is assigned. So that, there should be no time shift between analyzed signals. However, this 
fact should be confirmed in future works, applying inertial measurement unit (IMU) or GPS 
system based on reference stations. Presented results look promising and, for example, 
to be able to deeper analyze the on-board signals, special filtration procedure should be 
developed, for example Kalman's filtration. This would allow to observe side slip angles of 
front and rear axle. Despite the fact, that two-degree-of-freedom model is quite popular in 
the development of active safety systems, in the future the Authors are planning to unlock 
the roll and pitch motion in vehicle's model. More complex motion of the vehicle (braking or 
accelerating together with cornering) will be modelled. It will be, in particular, the adjust-
ment of the distribution of tractive forces on drive axle and its influence on the vehicle's 
steerability. To achieve this, side slip angles of front and rear axle will be estimated with the 
use of yaw velocity and integrated lateral acceleration. Also Pacejka's non-steady-state 
Magic Formula will be implemented, together with identification of its parameters, using 
Monte Carlo, genetic algorithm or neural network method.

5. Nomenclature
1, 2 – front, rear axle

L, R – left right side of the axles

IX, IY, IZ – mass moments of inertia (respectively roll, pitch and yaw)

φ – vehicle body's roll angle

θ – vehicle body's pitch angle

ψ – vehicle body's yaw angle

δ – wheel's steering angle

X, Y, Z – pavement-to-tyre reaction force (longitudinal, lateral, vertical)

For – resultant drag force

Q – weight of a vehicle

Mbx, Mby, Mbz – torque of inertia resistance (longitudinal, lateral, vertical)

hCG – height of the center of gravity (COG)

hO – height of vehicle's roll axis

ẋ, ẍ  – respectively longitudinal velocity, acceleration

ẏ,ÿ – respectively lateral COG velocity, acceleration

v1L, v1R, v2L, v2R – resultant velocities of wheels

α – side slip angle

ik – average steering system ratio

t – wheels’ track

μ – tyre-to-road adhesion coefficient

B, C, D, E – coefficients in Magic Formula

K – cornering stiffness
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